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Abstract 

We show how a proof of Stampfli can be extended to prove that the operator 
XTTXX −a  defined on the Hilbert-Schmidt class, when T is an M-hyponormal 

operator, has a closed range, if and only if ( )Tσ  is finite. 

1. Introduction 

Let H  be a complex, separable, infinite dimensional Hilbert space, 
let ( )HL  denote the algebra of all linear bounded operators on .H� The 
Hilbert-Schmidt class, denoted by ( ),2 HC  is a Hilbert space with the 

-2⋅ norm that arises from the inner product ( ),tr, ∗= XYYX  where 

tr is the scalar-valued trace. For ( ),HL∈T  define ( ) ( )HLHL →∆ :T  by 
( ) ,XTTXXT −=∆  and let ( )Tσ  denote the spectrum of T. Let the range 

of a linear operator S be denoted by ( ).SR  For a normal operator ∈N  
( ),HL  Anderson and Foiaş [1] proved that ( )N∆R  is norm closed, if and 
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only if ( )Nσ  is a finite set. In [3], Stampfli extended this result to the 
class of hyponormal operators. 

Theorem A ([3]). Let ( )HL∈T  be a hyponormal operator. Then 

( )T∆R  is norm closed, if and only if ( )Tσ  is finite. 

In fact, Stampfli provided a proof of the “only if ” implication which 
can be extended to a larger class of operators than hyponormal operators. 
For an operator ( ),HL∈T  let ( )Tnapσ  denote its normal approximate 

point spectrum, that is, the set of those C∈λ  for which there exists an 
orthonormal sequence { }nnφ  in H  such that 

( ) ( ) .0→φλ−+φλ− ∗
nn TT  

Define the class ( )H�G  as follows: 

( ) { ( ) ( ) }.setinfiniteanis: TT napσ∈= HLH�G  

Some classes of hyponormal related operators, such as M-hyponormal 
operators, i.e., 

( ) ( ) ,, H∈φ∀φλ−≤φλ−⋅ ∗ TTm  and ,C∈λ∀  for some ,0>m   

have spectrum that is finite or they belong to ( ).H�G  In particular, the 
hyponormal operators (that is, 1-hyponormal) have this property. 

In [2], Stampfli proved the following lemma which will be used in 
Section 2. 

Lemma B. Let ( )H�G∈T  and let { }∞=λ 1nn  be a sequence of distinct 

points of ( ).Tnapσ  Then for any sequence { }∞=ε 1nn  of positive numbers 

converging to zero, there exists an orthonormal sequence { }∞=φ 1nn  of 

vectors in H  such that 

( ) ( ) andnforTT nnnnn ,,2,1, K=ε<φλ−+φλ− ∗  (1) 

.1,,1,0, −==φφ nkforT kn K  (2) 
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2. The Closedness of the Range of ( )2
T∆  

 The operator T∆  defined on the Hilbert-Schmidt class will be 

denoted in the remainder of this note by ( ),2
T∆  that is, 

( ) ( ) ( ) ( )( ) .,: 2
22

2 XTTXXTT −=∆→∆ H�CH�C  Let ( )HMH  denote the set of 

M-hyponormal operators. 

Proposition 1. Let ( ).HMHT ∈  If ( )Tσ  is finite, then ( ( ) )2
T∆R  is 

closed. 

Proof. It is well known that an operator ( )HMHT ∈  with finite 
spectrum is normal. Indeed, for the such an operator, the restriction to an 
invariant subspace M  belongs to ( ).MMH  On the other hand, if ∈T  

( )HMH  with ( ) { },λ=σ T  then ,IT λ=  (cf. [4]). Thus, we can write =T  

,0
1 ii

n
i Eλ∑ =

 where iE ’s are the spectral projections. 

Let nX  and C be in ( )H�C2  such that ( )( ) .02
2 →−∆ CXnT  

Therefore, ( ) 0→−∆ CXnT  in the ( )HL  norm, and according to 

Theorem A, there exists ( )HL∈0X  such that .00 TXTXC −=  For an 
arbitrary ∈X  ( ),HL  let [ ]ijX  be the block-matrix representation of X 

relative to the decomposition .0
1 HH� i

n
i E⊕= ∑ =

 Thus 

( ) ,0
ijjiij XC λ−λ=  

for all .,,1, 0nji K=  This implies that each ( ) ij
jiij CX

λ−λ
= 10  is a 

Hilbert-Schmidt operator. Moreover, 0
iiX  can be chosen 0, and thus ∈0X  

( ).2 H�C  

Proposition 2. Let ( ).H�G∈T  Then ( ( ) )2
T∆R  is not closed. 

Proof. We will use same notation and circle of ideas as in [ ].2  Let 
{ } 1≥λ nn  be sequence of distinct points of ( )Tnapσ  so that .0λ→λn  Let 
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{ },,,1max 2
1

1 njjjn K=λ−λ=η −
+  

and choose a non-increasing sequence { } 1≥ε nn  so that nε<0  

,1,2
1 ≥λ−λ≤ + nnn  and .22

1 ∞<ηε∑ ≥ nnn  According to Lemma B, there 

exists an orthonormal sequence { } 1≥φ nn  that satisfies (1), (2). Let 

{ },11 ≥φ= nnH  ,12
⊥
−= HH  and let nδ  such that 

.1,and ≥φ⊥δδ+φµ=φ nT nnnnnn  (3) 

It results that 

.1,2and ≥ε<δε<λ−µ nnnnnn  (4) 

Define HH →:V  by ,1,11 2
1

≥φλ−λ=φ +
−

+ nV njjn  and ,0=Vg  

.2H∈g  Let { }njjn ,,1 K=φ= M  and let nP  be the orthogonal 

projection onto nM  and define .nn VPV =  A tedious calculation shows 
that 

( )
( )







>δ−

≤δ−δ+φµ−µ
=φ∆

+++

,,

,,111

njV

njVvv
V

jn

jnjjjjjj
jnT  

where .2
1

1
−

+ λ−λ= jjjv  Denoting ( ) ( )mTnT VV ∆−∆  by ,,mn
T∆  then for 

,mn <  

( )

( )

( )














>δ−

≤<δ−+δ+

φµ−µ−

≤

=φ∆
+

++

.,

,,

,,0

1

11
,

mjVV

mjnVVv

v

nj

jnm

jnmjj

jjjj

j
mn

T  (5) 

Furthermore, from (3), it results that 

K,,, 21 ++ φφφ⊥δ jjjj  (6) 

and from (4), 
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.1,allfor,2 ≥εη≤δ njV jjjn  (7) 

We will show next that ,02
, →∆ mn

T  when ., ∞→nm  Thus, there 

exists ( )H�C2∈C  such that ( ) ,02 →−∆ CVnT  that is, ( ( ) ).2
TC ∆∈ R  

First, we will show that ,02
2

,
1

→∆ H
mn

T  when ., ∞→nm  Indeed, 

( )52,

1

2
2

,
1

=φ∆=∆ ∑
∞

=
j

mn
T

j

mn
T H  

( ) ( ) 2
111

1
jnmjjjjjj

m

nj
VVvv δ−+δ+φµ−µ−= +++

+=
∑  

( ) .2

1
jnm

mj
VV δ−+ ∑

∞

+=

 

The first sum of the right hand side of the above can be majorized by 

( ) ( ) .22 2

1

2
111

1
jnm

m

nj
jjjjjj

m

nj
VVvv δ−⋅+δ+φµ−µ−⋅ ∑∑

+=
+++

+=

 

Since ,11 ++ δ⊥φ jj  we have 

[ ( ) ( ) ].2 2

1

2
1

22
1

2

1

2
2

,
1 jnm

nj
jjjjj

m

nj

mn
T VVvv δ−+δ+µ−µ≤∆ ∑∑

∞

+=
++

+=
H

 

According to (7), 

( ) ,16 222
jjjnm VV εη≤δ−  

and according to (4), 

,44 222
1

22
1

2
jjjjjjv εη≤εη≤δ ++  

and 

( ) ,282 2
1

22
1

2
1 jjjjjjjj λ−λ+ε≤λ−λ+ε≤µ−µ +++  
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which implies 

.28 1
222

1
2

jjjjjjjv λ−λ+εη≤µ−µ ++  

Therefore 

,1
1

2
22

1
1

2
2

,
1 jj

m

nj
jj

nj

mn
T cc λ−λ⋅+εη⋅≤∆ +

+=

∞

+=
∑∑H  

where 1c  and 2c  are some constants. After a careful review of the proof, 
one can see that the sequence { }nλ  can be assumed to converge fast 
enough (otherwise, choose a subsequence of it), more precisely  

,011
→λ−λ ++=∑ jj

m

nj
 when ., ∞→mn  

We show next that ,02
2

,
2

→∆ H
mn

T  when ., ∞→nm  Indeed, we can 

write 

.1,2and,0,with ≥ε≤γ=φγγ+φµ=φ∗ nT nnnnnnnn  (8) 

Obviously, we can write nnnnT γ+φθ=φ∗  with ,0, =φγ nn  which 
implies 

,,,,, nnnnnnnnnnnnnn TT µ=δ+φµφ=φφ=φφ=φγ+φθ=θ ∗  

and ( ) ( )
( ) ( )

.2
4,1

nnnnnnnn TT ε≤µ−λ+φλ−≤φµ−=γ ∗∗  

For an orthonormal basis { } 1≥/ iiv  of ,2H  we will show that 

.,when,02,

1
∞→→/∆∑

∞

=

mnvi
mn

T
i

 

For each i, write ( )
ik

i
kki wavT +φ=/ ∑∞

=1  with .2H∈iw  Thus 

( ) ( ) .1
11

+
==

φ=+φ=/ ∑∑ kk
i

k

m

k
imkm

i
k

m

k
im vawVVavTV  
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Since ,0=/imvV  we have ( ) ,imimT vTVvV /−=/∆  and consequently, for 
,mn <  

( ) .1
1

,
+

+=

φ=/∆ ∑ kk
i

k

m

nk
i

mn
T vav  

Since the sequence { }kφ  is orthonormal, we have 

( ) .22

1

2,
k

i
k

m

nk
i

mn
T vav ⋅=/∆ ∑

+=

 (9) 

Therefore 

( ) ( ( ) ).2

1

2

1

22

11

2,

1

i
k

i
k

m

nk
k

i
k

m

nki
i

mn
T

i
avvav ∑∑∑∑∑

∞

=+=+=

∞

=

∞

=

=⋅=/∆  

For a fixed k, 

( ) ( ),,, 82

1

2

1

2

1
=φ/=φ/= ∗

∞

=

∞

=

∞

=
∑∑∑ ki
i

ki
i

i
k

i
TvvTa  

( )
.4,, 2822

1

2

1
kkki

i
kkki

i
vv ε≤γ≤γ/=γ+φµ/ ∑∑

∞

=

∞

=

 

Consequently, ,04 22
1

2,
1 →ε⋅≤/∆ ∑∑ +=

∞
= kk

m
nki

mn
Ti vv  for ., ∞→mn  

The operator C is not in ( ))2(
T∆R  since, according to the proof of 

Theorem A in [3], ( ).TC ∆∈/ R  

Theorem 3. Let ( ).HMHT ∈  Then ( ))2(
T∆R  is closed, if and only if 

( )Tσ  is finite. 

Proof. If ( )HMHT ∈  and ( )Tσ  is finite, then according to 

Proposition 1, ( ( ) )2
T∆R  is closed. Conversely, if ( )HMHT ∈  has an 

infinite spectrum, then there are infinitely many distinct points { }nnλ  

that are either isolated points of the spectrum, in which case they are 
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eigenvalues, or accumulation points of the spectrum, in which case they 

are in the ( ).Tapσ  Since ( ),HMHT ∈  we have ( ) ( ) ⊆σσ TT app ,  

( ).Tnapα  Thus ( ),HG∈T  and according to Proposition 2, ( ( ) )2
T∆R  is not 

closed. 
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